Andrew Casson's Z-valued invariant for Z-homology 3-spheres is shown to extend to a Q-valued invariant for Q-homology 3-spheres which is additive with respect to connected sums. We analyze conditions under which the set of abelian SL2(C) and SU(2) representations of a finitely generated group is isolated. A formula for the dimension of the Zariski tangent space to an abelian SL2(C) or SU(2) representation is obtained. We also derive a sum theorem for Casson's invariant with respect to toroidal splittings of a Z-homology 3-sphere.
The Q¡ embed properly in R and their intersection is compact. The orientation of M can be used to determine an orientation of Qi, R*, Ö,, and R. Let (Qx, Q2)R-be the homological intersection number of the compact manifolds Qx and Q2 in R*. Casson proves that an algebraic intersection number (öi j QiÏr can be defined. His invariant is given by Definition. k(M) = (-lf(Qx,Q2)-/2(Qx,Qf)R..
Casson proves that this number is an integer and is independent of the Heegard decomposition of M. A key point in Casson's theory is that for M e H(Z), the trivial representation is an isolated point in R(nxM, SU(2)) ; it is this fact that allows him to conclude that Qx (~)Q2 is compact and thus making it possible to define the intersection number (Qx, Qfi-j,-Let R(nxM) = image of R(nxM) -A(nxM) in R* modulo action by conjugation, R."(nxM) = image of Rn(nxM) in R* modulo action by conjugation.
R(nxM) may fail to be compact; however, R"(nxM) is compact and is in fact the union of the compact components of R(nxM). Our starting point is the observation that Casson's procedure for defining the intersection number (öi > 02)0 remains valid for an M e H(Q) provided one restricts attention to the compact components of Qx n Q2 = R(nxM). Using this interpretation of
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (öi > ö2)^> we can now define X(M) for any M e H(Q) as in the Z-homology sphere case. A routine homology computation reveals that (Qx, Q2)R-= ± order of HX(M). Thus in general, k(M) will be a rational number. Casson's arguments immediately extend to show that k(M) remains independent of the Heegard decomposition and that the property k(-M) = -k(M) is retained. The above definition raises the question: When is R(nxM) = Rn(nxM)r! This occurs precisely when n = nxM satisfies Property A. A(n, SU (2)) is a union of components of R(n, SU(2)).
We will be interested in conditions on M which imply that Property A holds for nxM. This motivates the next definition and result.
Definition. A finitely generated group n is cyclically finite (CF) if each normal subgroup with finite cyclic quotient, other than the ones of maximal even index (on which there is no condition), has finite abelianization.
Theorem A. Let n be a finitely generated group with finite abelianization. Then it is CF if and only if A(n, SL2(C)) is a union of components of R(n, SL2(C)).
Theorem A is a consequence of the more general result, Theorem 1.1, which is the computation of the dimension of the Zariski tangent space to an abelian representation p:n -* SL2(C) where n is an arbitrary finitely generated group and p has finite image. Since SU(2) is included as a Lie subgroup of SL2(C) Theorem A implies the following: Theorem B. Let M G H(Q) be such that nxM is CF. Then nxM satisfies Property A.
Many 3-manifold groups are CF; for example, any nonzero Dehn surgery on a knot in a Z-homology 3-sphere whose Alexander polynomial has no roots of unity as zeros result in a manifold whose fundamental group is CF.
Another condition that implies that Property A holds for n{M, M G H(Q) can be deduced from Bass' SL2(C) subgroup theorem. A closed 3-manifold will be called not sufficiently large, abbreviated NSL, if it is irreducible and contains no orientable incompressible surface of positive genus. Theorem C. Suppose M e H(Q) is NSL. Then nxM satisfies Property A.
We show by example that the hypotheses of these two theorems are independent; furthermore, we produce an irreducible, atoroidal M e H(Q) which does not satisfy the hypothesis of either.
In general the free product of two groups with Property A will not have Property A; however, we prove Theorem. Suppose M G H(Q) is a connected sum M = MX#M2. Then nxM has Property A if and only if both nxMx and nxM2 have Property A and at least one of HX(MA) i = 1, 2 is a Z/2 vector space. Theorem E. k(M) = k(Mx) + k(Mf).
A more general formula for arbitrary (noncanonical) "closures" follows easily from Theorem E and Casson's Dehn surgery formula. Theorem E has been independently discovered by Akbulut and McCarthy (private communication) and by Fukuhara and Maruyama [FM] . Suppose M e H{Q) is prime. Then by results of Jaco and Shalen [JS] and Johannson [Jo] , M has a canonical torus decomposition M = \Ji M¡ and we define X(M) = X>(M,).
i
This study suggests a number of interesting problems and open questions, some of which have been included in the subsequent sections.
1
Throughout this section all representation spaces should be understood to consist of SL2(C) representations.
Let n be a finitely generated group and suppose p e A(n) has finite image. This image is necessarily finite cyclic, say image (p) = Cr, r > 1. As the adjoint representation Ad : SL2(C) -► Aut(sl2(C)) has kernel {±/}, Adop has image Cn where ( r if r is odd, n = { ( r/2 otherwise.
For each d\n , let 4^: Cn -» Cd be the surjection T'd(x) = x"1 (the group law in Cn will be written multiplicatively). Define the homomorphism %d to be the composite: Consider a field k. If V is a k-vector space and a:n -> End/t(F) a representation, we will use the notation Va for the fc[7r]-module V. The jih cohomology of n over k with coefficients in Va will be denoted HJ(n; Vf) or simply HJ(n; a) when V is clear from the context. Define bJ(n;Va) = b](n;a) = dimkHJ(n;Va).
The first result of this section is the calculation of bx(n; Ad op) and of the dimension of T , the Zariski tangent space of R(n) at p (see §1A of [Mu] ) in terms of the numbers bx (nd).
Let p, tp:Z+ -> Z be the Möbius and Euler functions [HW, Chapter XVI] .
(1.1) Theorem.
Proof. We prove (i) first.
It is easy to verify that Ad op splits as the sum of three 1-dimensional representations, two with image Cn plus the trivial representation. Let ß:n -> S1 be one of the former. For each d\n and j G Z define ßd:n -> S by
According to the isomorphism (1.1),
(1.4) bx(n; Adop) = bx(n; ßl) + bx(n; ß[n) + bx(7i; ß"n-').
To compute the right-hand side of this equation we note that by Shapiro's Lemma [Br, p. 73] In particular bx(n; ßx) = bx(n) and bx(n; ß"-1) = bx(n;ß!n) = -¡-^nin/d^in,).
V{ ' d\n
Plugging these values into equation (1.4) completes the proof of (i).
To deduce (ii), we use the identity
(compare with §2 of [Go] ) and apply (i). D ( 1.2) Remarks, (i) Similar techniques to those used in the preceding proof can be used to calculate bx (n ; Ad op), and therefore dimc T , at any representation p G R(n) having finite image.
(ii) The conclusions of Theorem 1.1 hold when SL2(C) is replaced by SU(2) and dimensions are taken over R ; the calculation is formally identical.
(1.3) Definition. An element p e R(n) is called rigid if it has a neighborhood in R(n) consisting entirely of conjugates of p .
André Weil [W, §3] has shown that p G R(n) is rigid as long as
that is, as long as bx (n ; Ad op) = 0 .
Proof of Theorem A. First we assume that n is CF. Let p G A(n) be arbitrary. As bx (n) = 0, p has a finite image and so we may calculate 6,(7r;Adop) by Theorem (1.1 )(i). Since n is CF, this identity shows bx(n ; Ad op) = 0. By [W] , p is rigid and therefore has an jR(7t)-neighborhood lying entirely in A(n). It follows that A(n) is both open and closed in R(n) and hence is a union of components of R(n). Now assume that A(n) is a union of components of R(n). Since R(n) is locally connected, A(n) is open in R(n) ; furthermore, A(n), being an algebraic set, is a finite union of components of R(n) [Mi, Appendix A] . The hypothesis that bx(n) = 0 implies that A(it) is a finite union of SL2(C)-orbits, each closed (and therefore open) in R(n). It follows that the component of R(n) containing a particular p e R(n) is homeomorphic to the manifold SL2(C)/Z(p). As in the remark on p. 13 of [Mi] , we have
(it is at this point our argument breaks down if SL2(C) is replaced by SU(2)). Comparing this last equation with Theorem (1.1) (ii) shows that for each p e A(n) with associated n > 1 and nd ç n , d\n , defined as above,
To prove n is CF we must show bx(ri) = 0 for ri < n such that n/ri = Cn (n > 1) and for which there is a subgroup 7r" of ri with ri' < n and 7t/7t" = Cr, where n if « is odd, 2n otherwise. We do this by inducting on n .
The case n = 1 is handled by our hypothesis that bx(n) = 0. Assume n > 1 and that the result is known for all d < n . Given ri as above, define a homomorphism p G A(n) as the composition 7T -» n/n -» SL2(C).
According to (1.5), 0 = Y,Mn/d)bx(nd) = bx(nn) d\n by the inductive hypothesis. But nn = ri, so bx(ri) = 0 and the induction is complete.
This finishes the proof of Theorem A. D
The following lemma provides a general criterion for recognizing 3-manifolds whose groups are CF.
(1.4) Lemma. Suppose K is a smooth knot in some M e H(Z) and let K(r/s) denote the result of an (r/s) Dehn surgery of M along K. Then for r f 0, nx(K(r/s)) is CF if and only if AK(t), the Alexander polynomial of K , has no nth root of unity as a zero. Here n = r/2 or r depending on whether r is even or odd. According to Theorem B, nx(K(r/s)) has Property A for those knots K and nonzero integers r satisfying the hypotheses of the preceding lemma. For instance, if K ç. S is the figure-eight knot, nx(K(r/s)) has Property A for all r t¿ 0. If K is the trefoil knot, nx(K(r/s)) has Property A for all r/s except those with r = 0 (mod 6), r ^ ±6 . Finally, it can be shown using Lemma ( 1.4) that nx(M) has Property A for any M e H(Q) whose first homology group is cyclic of prime power order.
In this section we prove Theorem C and provide examples illustrating its relationship to Theorem B.
Theorem C. Suppose M e H(Q) is NSL. Then nx(M) satisfies Property A.
Proof. Since M is not sufficiently large, n = nx (M) cannot be written as a nontrivial free product with amalgamation [Sh, Proposition 4] . According to Bass [Ba, Corollary 3] , there are only finitely many GL2(C)-orbits in R(n, GL2(C)). Hence, by [Wo, Lemma 4.7 .1], R(n, SU (2)) is a finite union of SU(2)-orbits.
Each such orbit is both open and closed in R(n, SU (2)) and so A(n, SU (2)) is a union of components of this space. Thus 7t satisfies Property A. D
The core of this proof is the GL2(C) subgroup theorem of Bass. For the convenience of the reader we provide an elementary and brief account of how this result implies R(n, SU(2)) consists of only finitely many SU(2) orbits.
The set R(n) = R(n, SU(2))/ conjugation is a compact, semialgebraic set [B] and as such admits a finite triangulation [Hi] . As noted above, the hypotheses on M imply that bx(n) = 0 and n is not a nontrivial free product with amalgamation. According to [Ba] , each element of R(n, SU(2)) is conjugate in GL2(C) to a homomorphism p whose image lies in one of m is a root of unity > , (i) or (ii) SL2(/4) for some ring of algebraic integers A.
In the first case p has abelian image and thus, up to conjugation, is one of only finitely many possibilities. In the second case, the fact that the algebraic closure of Q is countable implies that there are only countably many possibilities for p up to conjugation. Two SU(2) representations are conjugate over GL2(C) if and only if they are conjugate over SU(2) [Wo, Lemma 4.7 .1] and thus the compact polyhedron R(n) is countable. It is therefore finite and hence /?(7T,SU(2)) consists of finitely many SU(2) orbits.
(2.1) Examples. Consider the figure-eight knot K ç S3. According to the remarks at the end of §1, K(4), the +4 Dehn surgery of S along K , has a group which is CF. On the other hand, Thurston [T, §4.11] shows that K(4) is Haken. Thus for M e H(Q), nx(M) being CF does not imply M is NSL.
Next let K be the trefoil knot and consider AX 12). By [Mo] , this is a Seifert fiber space with three singular fibers and orbit S2. By Theorem VI. 15 of [Ja] ,
K(12) is NSL. But as noted in §1, nx(K(l2)) is not CF. Hence for M e//(Q), M being NSL does not imply nx(M) is CF.
Finally we show that the conditions nX(M) being CF or M being NSL do not exhaust H(Q). Using the notation of [Oe] , we take K to be the star knot K i - §) Ç s3 This knot has Alexander polynomial AK(t) 3 > 3 ' 3'
(t2-t+l)(2-5t + 2t2) and so, by Lemma (1.4), nx(K(l2)) is not CF. Further, by Corollary (4b) of [Oe] , K(12) is Haken and therefore is not NSL. This is the desired example.
(2.2) Remark. Let K be as in the last example. By considering the manifold K(l2/s), s > 0, we can show there is a manifold M e H(Q), such that M is not NSL, nx(M) is not CF, and M is atoroidal (compare §3).
In the proof of Theorem C we noted that if M is NSL, then R(nx(M), SU (2)) is the union of a finite number of SU (2) In an earlier version of this paper it was erroneously asserted that k(K( l/s)) ■£ \\R(nx(K(l/s)))\.
We thank Eric Klassen for bringing to our attention an error in our application of Casson's Dehn surgery formula. For further interesting calculations concerning Casson's invariant, see the forthcoming thesis of E. Klassen (Cornell University, 1987) .
3
A closed 3-manifold M has a canonical prime and torus decomposition. In this section we investigate the additivity of k(M) with respect to these decompositions.
The following theorem shows that Property A is usually not preserved under free products.
(3.1) Theorem. Suppose n is a finitely generated free product n = n{*n2 with finite abelianization. Then n has Property A if and only if both nx and n2 have Property A and at least one of Hx(nx) and Hx(n2) is a Z/2 vector space.
Proof. In what follows, all representation spaces will consist of SU(2) representations.
Assume that n satisfies Property A and let fi¡ € A(nA), i = 1 , 2 , be arbitrary.
There is an x e SU(2) such that f = (fix, xfi2x~l) G R(nx) x R(nf = R(n) is abelian. If C, Cx, and C2 denote the components of fi, fix , and /, in their respective spaces then C = C, x C2. Now by assumption C C A(n) and thus Cj C A(nf , i = 1,2. Since fix and fi2 were arbitrary, both nx and n2 have Property A. Furthermore, if neither Hfnf nor Hx(nf) is a Z/2 vector space, we may choose noncentral fi G Ain¡), i = 1, 2 and a y G SU(2) so that (/,, yfi2y~x) e C, x C2 = C is not abelian, contradicting our assumption that n has Property A. Thus Hfnf is a Z/2 vector space for some i. The proof of the converse is similar. □ We adopt the following notation and conventions for the purposes of this proof.
All representation spaces will consist of SU (2) representations. Let
1 </,;< 2, QJ = R(nx(Wj)) = QXJxQ2j, j = 1,2, *, = *(*,(*;)), R*=R(7ix(F*)), i =1,2, R = R(nx(F)), R* = R(nx(F*)).
There are smooth maps <9;:/<;-SU(2), df.p^pOF*).
Evidently, R¡ = df\e), i =1,2.
A superscript "/" appended to a space of representations will indicate the subset of all irreducible representations in the space.
If X is an SU(2)-space, X will denote the associated orbit space. We warn the reader that this notation differs from that used in the introduction.
Choose a neighborhood R* of R"(Mf in R] such that R(MA) n R? = R'iMi), i = 1, 2, and set ßj = Qij n R? . Clearly Q?x n Q?2 = R" (Mi) and
where the sum ranges over the components C of R"{M) and i{C) is the intersection of Q\ and Q2 near C. For many components C Ç R"iM), i{C) = 0. Indeed Rx has a trivial normal bundle in iR*x)', thus Any isotopy of B with support in a chart of the bundle E -► B lifts to a fiber preserving isotopy of E with support lying over this chart. By hypothesis, BXC\B2 is compact and so after a finite number of such moves we may construct a compactly supported isotopy of B which at t = 1 has made B{ transverse to B2 and which lifts to a compactly supported, fiber-preserving isotopy of E. We are thus reduced to the case where Bx and B2 intersect transversely in one point and the bundle E -> B is trivial. Now Ex and E2 intersect only within the fiber F . An isotopy of F making Fx transverse to F2 extends to a compactly supported isotopy of E, making Ex transverse to E2.
Note that now Ex (~)E2 = Fx nf2. Taking care of the signs involved we obtain
Finally when F is not closed, we may use the same argument with the proviso that when we lift an isotopy of B supported in a relatively compact open chart of E -> B, we must taper it to the identity outside a given compact neighborhood of Ex n E2. a Now suppose M e H(Q) is prime. According to Jaco and Shalen [JS] and Johansson [Jo] , there is a canonical decomposition M = \J"=X Mi where M¡ contains no essential, nonperipheral tori and dM¡ is a union of tori. = (K'x#K2)(-l) [Gl, §3.1] by the remarks following Lemma 7.1 of [G2] . Then Casson's Dehn surgery formula [AM] If Thurston's geometrization conjecture [T] is true, then each Mi is either Seifert fibered or hyperbolic. However Mi may fail to be prime or atoroidal. Thus it would be convenient to define a Casson type invariant for an M , which is the interior of a compact A3 whose boundary is a union of tori and such that the inclusion dN -> A induces a surjection HfdN; Q) -> HX(N; Q).
(3.9) Problem. Define such an invariant.
We close this section with some general observations concerning the relationship between Casson type invariants and the //-invariant.
Casson proved (see [AM] ) that for M e H(Z), k(M) = p(M) (mod2). For M g //(Z/2) with nx(M) satisfying Property A, this identity will not hold in general. For instance, if M is a lens space k(M) is defined and is 0, since nx(M) is abelian. On the other hand, p(M) can take on any even value (mod 16). It would be of interest to determine the connection, if any, between these two quantities. Walter Neumann [N] has defined an integer valued invariant for Z/2-homology 3-spheres of plumbed type, which reduces (mod 16) to the //-invariant.
(3.10) Question. What is the relationship between Neumann's invariant and Casson type invariants?
Finally, we point out that in general, the //-invariant is defined for framed 3-manifolds. This suggests that the appropriate definition of k(M) should depend on a framing of M.
